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Using equivalencies between different models we reduce the model of two spin-1/2 Heisenberg
chains crossed at one point to the model of free fermions. The spin-spin correlation function is
calculated by summing the perturbation series in the interchain interaction. The result reveals a
power law decay with a nonuniversal exponent.
Presence of impurities in interacting systems causes
nonlinear effects which may result in a nontrivial scaling
of thermodynamic quantities and correlation functions.
Examples of impurity models discussed in the literature
include various versions of the Kondo problem (a quan-
tum spin in a noninteracting metallic host) and the Kane-
Fisher or Boundary Sine-Gordon problem (a local static
potential in a one-dimensional Luttinger liquid). They
have numerous experimental applications in physics of
diluted magnetic alloys ([1],[2]) and in such areas as in-
teredge tunnelling in Quantum Hall effect (see, for ex-
ample, [3],[4]). As a rule the impurity scattering in these
models scales to strong coupling. The latter fixed point is
rather simple in nature (fully screened spin in the Kondo
problem, severed chain in the Kane-Fisher one). The
exclusion is the fixed point in the underscreened Kondo
problem where the fixed point occurs at an intermediate
coupling first predicted in [5]. This fixed point is charac-
terized by non-trivial universal indices.
In this paper we would like to call the attention to the
situation when the operator describing a scattering on
the impurity is exactly marginal (that is its scaling di-
mension is equal to the dimension of space-time, which
in the present case is 2). Since such interaction does not
flow under renormalization, the results for the correla-
tion functions are bound to depend on the bare coupling
constant. In particular, such situation exists when the
underlying impurity problem is equivalent to a problem
of noninteracting fermions scattering on a scalar poten-
tial. An interesting situation emerges when the fermion
operators and observables are mutually nonlocal. In that
case calculation of correlation functions of the physical
fields still constitutes a nontrivial problem resulting in
nonuniversal scaling dimensions.
One experimentally relevant realization of the
Marginal Quantum Impurity problem is provided by the
model of two spin-1/2 Heisenberg chains interacting at a
single point by the exchange interaction:
H =
+∞∑
n=−∞
J [S1(n) · S1(n+ 1) + S2(n) · S2(n+ 1)]
+J⊥S1(0) · S2(0) (1)
where |J⊥| << J . This model can be treated as a par-
ticular version of the spin ladder problem. To describe
its low energy properties one can employ the technique
developed in [6] (see also [7] for a more detailed descrip-
tion) and rewrite the Hamiltonian as the model of four
species of massless real (Majorana) fermions coupled at
point x = 0
H =
∫
dx
3∑
a=0
[
iv
2
(−Ra∂xRa + La∂xLa) + igaδ(x)(RaLa)
]
(2)
where gi = J⊥a0(i = 1, 2, 3); g0 = −3g1 and v = πJa0/2
is the spinon velocity. The fermion operators satisfy the
standard anticommutation relations
{Ra(x), Rb(y)} = {La(x), Lb(y)} = δabδ(x− y)
{Ra(x), Lb(y)} = 0 (3)
and are real, that is R+ = R,L+ = L. The ratio g0/ga
can be changed by introduction of the four-spin interac-
tion [8]. Thus the model of interacting spins is reduced
to the model of non-interacting fermions. This repre-
sentation respects the original symmetry of the problem:
the fermions a = 1, 2, 3 transform as an SU(2) triplet
and the 0-th fermion is an SU(2) singlet. Fermioniza-
tion of one-dimensional spin models has a long history
going back to the work by Jordan and Wigner [9]. It is
well known that a single spin-1/2 Heisenberg chain can
be represented as a model of fermions which interaction
depends on the anisotropy. At the isotropic point this
interaction is quite strong. Therefore it is interesting to
note that though a single isotropic spin-1/2 Heisenberg
chain cannot be described as a model of noninteracting
fermions, the two chain model can. Naturally, the spin
operators of the original Heisenberg chains are nonlocal
with respect to the Majorana fermions (the relationship
between them resembles the one given by the Jordan-
Wigner transformation). For that reason the problem of
correlation functions still remains nontrivial. To calcu-
late the spin correlators we will employ an alternative
representation of model (2), namely, in the form of four
quantum Ising models:
H =
3∑
a=0
HaIs, H
a
Is = H
a
crit + gaǫa(x = 0) (4)
where Hcrit is the Hamiltonian of the critical Ising model
and ǫ(x, τ) is the energy density field. The quantum Ising
2model is described by the Hamiltonian
H = −J
∑
n
(σznσ
z
n+1 + hσ
x
n) (5)
The Jordan-Wigner transformation brings it to the
fermionic form. The order parameter field σ(x) of the
Ising model is the continuum limit of σzn, the energy den-
sity field is the continuum limit of σx. At h < 1 field σ
has a nonzero vacuum average 〈σ〉 6= 0. Hamiltonian (5)
can be rewritten in the dual form
H = −J
∑
n
(hµzn−1/2µ
z
n+1/2 + µ
x
n+1/2) (6)
where the operators
µzn+1/2 =
∏
j≤n
σxj , µ
x
n+1/2 = σ
z
nσ
z
n+1 (7)
obey the same commutation relations as the Pauli ma-
trices σz , σx. The so-called disorder parameter field µ(x)
is defined as the continuum limit of the operator µzn+1/2.
It is clear that 〈µ〉 6= 0 at h > 1. At h = 1 the models
(5) coincides with its dual (6). Since σ and µ cannot
have nonzero ground state expectation values simulata-
neously, at h = 1 their averages vanish and the model
is quantum critical. At this point the Majorana fermion
becomes massless. Thus model (5) with h = 1 is equiv-
alent to the model of one species of massless Majorana
fermions.
The advantage of the Ising model representation is that
the original spin fields of the Heisenberg models can be
written as
S1(j) + S2(j) =
i
2
{[R ×R] + [L× L]}+ (−1)jn+(x)
S1(j)− S2(j) =
i
2
{R0R+ L0L}+ (−1)
j
n−(x) (8)
where the most relevant parts of the spin operators given
by the staggered magnetizations n± are expressed as lo-
cal combinations of the order and disorder parameters of
the Ising models [6]:
nx+ = σ1µ2σ3µ0, n
y
+ = µ1σ2σ3µ0, n
z
+ = σ1σ2µ3µ0 (9)
In the expression for n− one has to interchange σ and µ.
Correlation functions of the Ising model fields and their
properties are well known and we are going to use this
knowledge to calculate the correlators of the perturbed
model (2). Using Eqs.(9) and taking into account that
the change of sign of the coupling constant g → −g is
equivalent to the substitution µ → σ, σ → µ, it is easy
to relate the desired spin correlators to the correlation
functions of the perturbed Ising model:
〈naα(τ1, x1)n
a
β(τ2, x2)〉 = (10)
G2σ,g(τ12;x1, x2)Gµ,g(τ12;x1, x2)Gσ,3g(τ12;x1, x2) +
(2δαβ − 1)G
2
µ,g(τ12;x1, x2)Gσ,g(τ12;x1, x2)×
Gµ,3g(τ12, x1, x2)
where,
Gµ,g(τ ;x1, x2) ≡ 〈〈µ(τ, x1)µ(0, x2)〉〉 (11)
Gσ,g(τ ;x1, x2) ≡ 〈〈σ(τ, x1)σ(0, x2)〉〉 (12)
and α,β label the chain to which the operator corre-
sponds (1 or 2). Notice that the correlators remain trans-
lationally invariant only in time direction. To simplify
the calculations we will consider the above correlation
functions only at x1,2 = 0. To obtain these correlators
we sum the leading logarithms in the perturbation ex-
pansion in small ga.
Namely, the Ising order parameter field correlator,
〈〈σ(τa)σ(τb)〉〉 (we omit the space coordinate x assum-
ing x = 0) can be obtained by calculating the following
series,
〈〈σ(τa)σ(τb)〉〉g =
+∞∑
n=0
gn
n!
Cn (13)
where,
Cn ≡
∫
dτ1 . . . dτn〈〈σ(τa)σ(τb)ε(τ1) . . . ε(τn)〉〉0 (14)
and 〈〈〉〉0 denotes the irreducible correlator in the unper-
turbed system and, ε ≡ iRL(x = 0) is the Ising model
energy density at the impurity point.
Only the largest divergent terms will be kept at each
order in g. The irreducible correlators under considera-
tion will have its largest divergencies in the regions where
each of the τi
′s approach either τa or τb corresponding
to the fusion of ǫ and σ operators. Divergencies corre-
sponding to the fusion of ǫ operators are not present in
the irreducible correlation functions being cancelled by
the corresponding divergencies in the partition function.
To calculate the leading logarithms we take advantage of
the Operator Product Expansion (OPE) for the critical
Ising model [10]:
ε(τi)σ(τa,b) =
1
2|τa,b − τi|
σ(τa,b) + ... (15)
where the dots stand for less relevant terms. The most
divergent part of Cn is given by
Cn ≈
[
2 ln
(
|τab|
τ0
)]n
(16)
where τ0 is an ultraviolet cutoff. The factor 2
n comes
from the number of regions with divergent integrand that
exist (that is to say, the number of ways the n different τi
variables can approach either τa or τb) and the logarithm
comes from integrating over this regions.
Now, replacing this result into (13) is easy to see that,
Gσ,g = 〈σ(τa)σ(τb)〉0
(
τ0
|τab|
)−2g1
(17)
=
1
|τab|
1
4
(
τ0
|τab|
)−2g1
3where 〈σ(τa)σ(τb)〉0 ∼ |τab|
−1/4 is the correlator of the
unperturbed system.
Similar considerations are valid for the perturbation
series for the disorder parameter, 〈µ(τa)µ(τb)〉. The only
difference is that the OPE contains minus sign [10]:
ε(τi)µ(τa,b) = −
1
2|τa,b − τi|
µ(τa,b) + ... (18)
Then the same steps that lead to (17), now lead to:
Gµ,g = 〈〈µ(τa)µ(τb)〉〉0
(
τ0
|τab|
)2g
(19)
=
1
|τab|
1
4
(
τ0
|τab|
)2g
where g = g1 for µa (a=1,2,3) operator and g0 for the µ0
operator.
Substituting (17,19) into (10) we obtain
〈nα(τa) · nβ(τb)〉 = (20)
3
|τab|
[(
τ0
|τab|
)−8g˜
+ (2δαβ − 1)
(
τ0
|τab|
)8g˜]
where g˜ = (g1 − g0)/4. The nonuniversal power law be-
havior of the spin-spin correlation functions is reflected
in the power law behavior of the local magnetic suscep-
tibility:
χ(x = 0) ∼ (T/T0)
8g˜ + (T/T0)
−8g˜, T0 ∼ J (21)
As one may expect, the susceptibility does not depend
on the sign of the interchain interaction. Since the per-
turbing impurity operator is exactly marginal, it does
not generate any nontrivial corrections to the specific
heat. The impurity magnetic susceptibility diverges with
a nonuniversal index (21).
Thus we have found a nontrivial example of the impu-
rity problem where strong correlations in the bulk gener-
ate nonuniversal scaling dimensions. This model may be
a member of a class of models which Hamiltonians can be
written as a scattering problem of free particles, whose
creation and annihilation operators and the observables
are mutually nonlocal.
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